Black Schole Model of option pricing

Introduction:

It was an ordinary autumn afternoon in Belmont, Mass. 1969, when Fischer Black, a 31 year old independent finance contractor, and Myron Scholes a 28 year old assistant professor of finance, at MIT hit upon an idea that would change financial history. Black had been working for Arthur D. Little in Cambridge, Mass., when he met a colleague who had devised a model for pricing securities and other assets. With his Harvard Ph.D. in applied mathematics just five years old, Black's interest was sparked. His colleague's model focused on stocks, so Black turned his attention to options, which were not widely traded at the time. By 1973, the tandem team of Fischer Black and Myron Scholes had written the first draft of a paper that outlined an analytic model that would determine the fair market value for European type call options on non-payout assets. They submitted their work to the Journal of Political Economy for publication, who promptly responded by rejecting their paper. Convinced that their ideas had merit, they sent a copy to the Review of Economics and Statistics, where it elicited the same response. After making some revisions based on extensive comments from Merton Miller (Nobel Laureate from the University of Chicago) and Eugene Fama, of the University of Chicago, they resubmitted their paper to the Journal of Political Economy, who finally accepted it. From the moment of its publication in 1973, the Black and Scholes Option Pricing Model has earned a position among the most widely accepted of all financial models. 

What Is an Option?
The idea of options is certainly not new. Ancient Romans, Grecians, and Phoenicians traded options against outgoing cargoes from their local seaports. When used in relation to financial instruments, options are generally defined as a "contract between two parties in which one party has the right but not the obligation to do something, usually to buy or sell some underlying asset". Having rights without obligations has financial value, so option holders must purchase these rights, making them assets. This asset derives their value from some other asset, so they are called derivative assets. Call options are contracts giving the option holder the right to buy something, while put options, and conversely entitle the holder to sell something. Payment for call and put options, takes the form of a flat, up-front sum called a premium. Options can also be associated with bonds (i.e. convertible bonds and callable bonds), where payment occurs in installments over the entire life of the bond, but this paper is only concerned with traditional put and call options. 

Origins of Option Pricing Techniques:

Modern option pricing techniques, with roots in stochastic calculus, are often considered among the most mathematically complex of all applied areas of finance. These modern techniques derive their impetus from a formal history dating back to 1877, when Charles Castelli wrote a book entitled The Theory of Options in Stocks and Shares. Castelli's book introduced the public to the hedging and speculation aspects of options, but lacked any monumental theoretical base. Twenty three years later, Louis Bachelier offered the earliest known analytical valuation for options in his mathematics dissertation "Th‚orie de la Sp‚culation" at the Sorbonne. He was on the right track, but he used a process to generate share price that allowed both negative security prices and option prices that exceeded the price of the underlying asset. Bachelier's work interested a professor at MIT named Paul Samuelson, who in 1955, wrote an unpublished paper entitled "Brownian Motion in the Stock Market". During that same year, Richard Kruizenga, one of Samuelson's students, cited Bachelier's work in his dissertation entitled "Put and Call Options: A Theoretical and Market Analysis". In 1962, another dissertation, this time by A. James Boness, focused on options. In his work, entitled "A Theory and Measurement of Stock Option Value", Boness developed a pricing model that made a significant theoretical jump from that of his predecessors. More significantly, his work served as a precursor to that of Fischer Black and Myron Scholes, who in 1973 introduced their landmark option pricing model. 

The Black and Scholes Model:

The Black and Scholes Option Pricing Model didn't appear overnight, in fact, Fisher Black started out working to create a valuation model for stock warrants. This work involved calculating a derivative to measure how the discount rate of a warrant varies with time and stock price. The result of this calculation held a striking resemblance to a well-known heat transfer equation. Soon after this discovery, Myron Scholes joined Black and the result of their work is a startlingly accurate option pricing model. Black and Scholes can't take all credit for their work, in fact their model is actually an improved version of a previous model developed by A. James Boness in his Ph.D. dissertation at the University of Chicago. Black and Scholes' improvements on the Boness model come in the form of a proof that the risk-free interest rate is the correct discount factor, and with the absence of assumptions regarding investor's risk preferences. 
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In order to understand the model itself, we divide it into two parts. The first part, SN(d1), derives the expected benefit from acquiring a stock outright. This is found by multiplying stock price [S] by the change in the call premium with respect to a change in the underlying stock price [N(d1)]. The second part of the model, Ke(-rt)N(d2), gives the present value of paying the exercise price on the expiration day. The fair market value of the call option is then calculated by taking the difference between these two parts. 

Assumptions of the Black and Scholes Model:

1) The stock pays no dividends during the option's life

Most companies pay dividends to their share holders, so this might seem a serious limitation to the model considering the observation that higher dividend yields elicit lower call premiums. A common way of adjusting the model for this situation is to subtract the discounted value of a future dividend from the stock price. 

2) European exercise terms are used

European exercise terms dictate that the option can only be exercised on the expiration date. American exercise term allow the option to be exercised at any time during the life of the option, making american options more valuable due to their greater flexibility. This limitation is not a major concern because very few calls are ever exercised before the last few days of their life. This is true because when you exercise a call early, you forfeit the remaining time value on the call and collect the intrinsic value. Towards the end of the life of a call, the remaining time value is very small, but the intrinsic value is the same. 

3) Markets are efficient

This assumption suggests that people cannot consistently predict the direction of the market or an individual stock. The market operates continuously with share prices following a continuous Itô process. To understand what a continuous Itô process is, you must first know that a Markov process is "one where the observation in time period t depends only on the preceding observation." An Itô process is simply a Markov process in continuous time. If you were to draw a continuous process you would do so without picking the pen up from the piece of paper. 

4) No commissions are charged

Usually market participants do have to pay a commission to buy or sell options. Even floor traders pay some kind of fee, but it is usually very small. The fees that Individual investor's pay is more substantial and can often distort the output of the model. 

5) Interest rates remain constant and known

The Black and Scholes model uses the risk-free rate to represent this constant and known rate. In reality there is no such thing as the risk-free rate, but the discount rate on U.S. Government Treasury Bills with 30 days left until maturity is usually used to represent it. During periods of rapidly changing interest rates, these 30 day rates are often subject to change, thereby violating one of the assumptions of the model. 

6) Returns are lognormally distributed

This assumption suggests, returns on the underlying stock are normally distributed, which is reasonable for most assets that offer options.
The Black and Scholes Model:

Delta:
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Delta is a measure of the sensitivity the calculated option value has to small changes in the share price.

Gamma:
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Gamma is a measure of the calculated delta's sensitivity to small changes in share price.

Theta:
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Theta measures the calcualted option value's sensitivity to small changes in time till maturity.

Vega:
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Vega measures the calculated option value's sensitivity to small changes in volatility.

Rho:
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Graphs of the Black and Scholes Model:


This following graphs show the relationship between a call's premium and the underlying stock's price. 

The first graph identifies the Intrinsic Value, Speculative Value, Maximum Value, and the Actual premium for a call.
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The following 5 graphs show the impact of deminishing time remaining on a call with:
S = $48
E = $50
r = 6%
sigma = 40%

Graph # 1, t = 3 months
Graph # 2, t = 2 months
Graph # 3, t = 1 month
Graph # 4, t = .5 months
Graph # 5, t = .25 months

Graph #1
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Graph #2
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Graph #3
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Graph #4
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Graph #5

[image: image12.png]Call Premium versus Ssourity Frics
Changing Tme: 1 = 2 marihs

S Price
—5 “se





Graphs # 6 - 9, show the effects of a changing Sigma on the relationship between Call premium and Security Price

S = $48
E = $50
r = 6%
sigma = 40%

Graph # 6, sigma = 80%
Graph # 7, sigma = 40%
Graph # 8, sigma = 20%
Graph # 9, sigma = 10%

Graph #6
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Graph #7
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Graph #8
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Graph #9
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After the Black and Scholes Model:

Since 1973, the original Black and Scholes Option Pricing Model has been the subject of much attention. Many financial scholars have expanded upon the original work. In 1973, Robert Merton relaxed the assumption of no dividends. In 1976, Jonathan Ingerson went one step further and relaxed the the assumption of no taxes or transaction costs. In 1976, Merton responded by removing the restriction of constant interest rates. The results of all of this attention, that originated in the autumn of 1969, are alarmingly accurate valuation models for stock options. 

Fischer Black
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Born: 1938 Died: 1995 1959 -- earned bachelor's degree in physics
1964 -- earned PhD. from Harvard in applied math
1971 -- joined faculty of University of Chicago Graduate School of Business
1973 -- Published "The Pricing of Options and Corporate Liabilities"
19XX -- Left the University of Chicago to teach at MIT
1984 -- left MIT to work for Goldman Sachs & Co.


Myron Scholes
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Born: 1941
1973 -- Published "The Pricing of Options and Corporate Liabilities"
Currently works in the derivatives trading group at Salomon Brothers.
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